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Abstract. We investigate some interesting properties of the Bernstein poly- 
nomials related to the bosonic p-adic integrals on Z p . 



1. Introduction 

Let C[0, 1] be the set of continuous functions on [0, 1]. Then the classical Bern- 
stein polynomials of degree n for / 6 C[0, 1] are defined by 

n / u\ 

(1.1) »„(/)= ^/ (-\B k . n (x), 0<x<l 

k=Q 

where B n (/) is called the Bernstein operator and 



(1.2) B kin (x)= \^ k )x*(x-l) n -" 

are called the Bernstein basis polynomials (or the Bernstein polynomials of degree 
n) (see [ID]). Recently, Acikgoz and Araci have studied the generating function for 
Bernstein polynomials (see [TJ [5] ) . Their generating function for B k n (x) is given 

by 

(1-3) F^(t,x) = H =E B MW^. 

n=0 

where k = 0, 1, . . . and x £ [0, 1]. Note that 

fc '" l) "\0, ifn<fc 

for n = 0,l,... (see [TJ|2]). 

The Bernstein polynomials can also be defined in many different ways. Thus, 
recently, many applications of these polynomials have been looked for by many 
authors. Some researchers have studied the Bernstein polynomials in the area of 
approximation theory (see [TJ [2j [3J [TJ [9J [10]). In recent years, Acikgoz and Araci 
[I] [2] have introduced several type Bernstein polynomials. 

In the present paper, we introduce the Bernstein polynomials on the ring of p- 
adic integers Z p . We also investigate some interesting properties of the Bernstein 
polynomials related to the bosonic p-adic integrals on the ring of p-adic integers 
Z*. 



2000 Mathematics Subject Classification. 11B68, 11S80. 

Key words and phrases. Bernstein polynomials, Bosonic p-adic integrals. 



2 



MIN-SOO KIM, TAEKYUN KIM, BYUNGJE LEE AND CHEON-SEOUNG RYOO 



2. Bernstein polynomials 
related to the bosonic p-adic integrals on z p 

Let p be a fixed prime number. Throughout this paper, Z p ,Q p and C p will 
denote the ring of p-adic integers, the field of p-adic numbers and the completion 
of the algebraic closure of Q p , respectively. Let v p be the normalized exponential 
valuation of C p with \p\ p = p^ 1 . For N > 1, the bosonic distribution /ii on Z p 

(2.1) M (a + /%) = -^ 

is known as the p-adic Haar distribution /iHaar, where a + p N Z p = {x G Q p | 
|a: — a| p < p~ N } (cf. [4 ). We shall write d/ii(x) to remind ourselves that x is the 
variable of integration. Let UD(Z P ) be the space of uniformly differentiable function 
on lip. Then fj,\ yields the fermionic p-adic g-integral of a function / G UD(Z P ) : 

p n -i 

(2.2) h(f) = I f(x)d^(x) = lim V f(x 



h{.f) = I f{x)d^{x) = lim -4 E 

J£ p y X=0 



(cf. [4]). Many interesting properties of (|2.2j) were studied by many authors (cf. 
[H [8] and the references given there). For n G N, write f n (x) = f(x + n). We have 

n-1 

(2-3) h(fn)=h(f) + J2f'^- 

1=0 

This identity is to derives interesting relationships involving Bernoulli numbers and 
polynomials. Indeed, we note that 



(2-4) h{{x + y) n )= (x + y) n d» 1 (y) = B n (x), 

where B n (x) are the Bernoulli polynomials (cf. [3]). From (|1.2p . we have 



(2-5) jf Bfc.n^dmCx) = Q E (" ^. ^ (-l)"-*-^^- 



Bk, n (x)d(ii(x) = I B n - ktn (l - x)dpii{x) 

k /|X n—j 



and 



(2.6) 



3=0 XJ/ i=0 

By (12.5[) and (12.6[) . we obtain the following proposition. 
Proposition 2.1. for n > k, 

E ( n : fc ) (-i)"- fc -^n-, = e ( ■) E ( n 7 (-d 1 * 

i=o V J / j=0 \J/ z=0 V / 

From (|2.4p . we note that 
(2.7) S n (2) = (5(1) + 1)™ - n =(B + l) n = B n , n > 1 



with the usual convention of replacing B n by B n . Thus, we have 

/ x n dfi 1 (x)=l (x + 2) n d^{x) -n 

(2.8) = (-1)" f (x-l) n d^(x)-n 

= / (1 -x) n dn\{x) -n 
Jip 

for n > 1, since (— l) n B n {x) = B n (l — x). Therefore we obtain the following theo- 
rem. 

Theorem 2.2. For n > 1, 

/ (l-x) n dfj, 1 {x)= [ x n d^(x)+n. 

And also we obtain 

/ B n _ k , k {x)diii{x) = \ x n - k {l-x) k d^{x) 

JZp Jip 

= E("7 fc )M)'/ z (i-^ +fc ^i(x) 



1=0 

(2.9) 



n — k 



1=0 

Therefore we obtain the following result. 
Corollary 2.3. For k > 1, 

1 — fc 



= E( / ](-#>+*+'+*)■ 



/ B n _ Kk {x)d^{x) = V ( n k ) (-l) l (B l+k +l + k). 
From the property of the Bernstein polynomials of degree n, we easily see that 



/ B kin (x)B kim (x)dfj,i(x) 
Jip 



(X)TC ,+ "~ 2 *) ( - 1 > , *~ 
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and 

/ B ktn {x)B ktm (x)B ktS (x)dii l {x) 
Jz p 

:)(:)(;)"T 3 *(" +ra ' s " 3t ) ( - l, ' B3i+ " 

Continuing this process, we obtain the following theorem. 

Theorem 2.4. The multiplication of the sequence of Bernstein polynomials 

Bk, ni (x), B k , n2 (or), ... , 5 fc ,„ s (x) 
/or s e N wifft different degree under p-adic integral on Z p can be given as 



/ B k . ni {x)B k . n2 (x) ■ ■ ■ B k>ns (x)dm (x) 



)/ \ / \ ni+n 2 H Vn s -sk , |X 
(n 2 \ (n s \ ^ /ni+n 2 H h n s - sk\ , 

We put 

B% n (x) = B k>n {x) X • • • X B ktn (x) . 



7711 / \ 7712 / \ 771, ni77ll+n277l2H h7i s ro 5 — (mi H hm,)fc 

' 2=0 



fc ) \ k J \ k 



m-times 

Theorem 2.5. 77ie multiplication of 

B^),B™; n2 (x),...,B™ k (x) 

Bernstein polynomials with different degrees m, ri2, • • • , n s under p-adic integral on 
Z p can be given as 

' BZSx)Bll 2 {x).-.B^{x)d^{x) 

712 + --- + 

E (-1)' 

2=0 

/ mmi + ri2m 2 H h n s m s - (mi H h m s )fc\ 

X I ^ ]- tf (mi+-+m,)fe+J- 

Theorem 2.6. 77ie multiplication of 

BZ)nM' B z: n M'---' B z:nM) 

Bernstein polynomials with different degrees ni,ri2, ••• ,n s wii/i different powers 
mi, m 2 , • • • , m s under p-adic integral on Z p can oe given as 

E 



mi / \ m 2 / \ m, «itoi+« 2 to 2 H hra<sm s — (fcimiH hfcm,) 

ni \ / ri2 \ / n s 



k\) \ki) \k 



=o 



/ mmi + n 2 m 2 H V n s m s - (fcimi H h fc s m s )\ 

I ^ l^5fei77nH hfe s m s +(- 
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Problem. Find the Witt's formula for the Bernstein polynomials in p-adic number 
held. 
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